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Abstract 

Unified theory of gravitational interactions and electromagnetic interac¬ 
tions is discussed in this paper. Based on gauge principle, electromagnetic 
interactions and gravitational interactions are formulated in the same manner 
and are unified in a semi-direct product group of 1/(1) Abel gauge group and 
gravitational gauge group. 
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1 Introduction 


It is known that there are four kinds of fundamental interactions in Nature, which 
are strong interactions, electromagnetic interactions, weak interactions and gravita¬ 
tional interactions. All these fundamental interactions can be described by gauge 
held theories, which can be regarded as the common nature of all these funda¬ 
mental interactions. This provides us the possibilities to unify different kinds of 
fundamental interactions in the framework of gauge theory. The first unification of 
fundamental interactions in human history is the unification of electric interactions 
and magnetic interactions, which is made by Maxwell in 1864. Now, we know that 
electromagnetic theory is a U( 1) Able gauge theory. In 1921, H.Weyl tried to unify 
electromagnetic interactions and gravitational interactions in a theory which has lo¬ 
cal scale invariance[l, 2], Weyl’s original work is not successful, however in his great 
attempt, he introduced one of the most important concept in modern physics: gauge 
transformation and gauge symmetry. After the foundation of quantum mechanics, 
V.Fock, H.Weyl and W.Pauli found that quantum electrodynamics is a U( 1) gauge 
invariant theory[3, 4, 5]. 

Gauge treatment of gravity was suggested immediately after the gauge theory 
birth itself[6, 7, 8]. In the traditional gauge treatment of gravity, Lorentz group is 
localized, and the gravitational held is not represented by gauge potential[9, 10, 11]. 
It is represented by metric held. The theory has beautiful mathematical forms, but 
up to now, its renormalizability is not proved. In other words, it is conventionally 
considered to be non-renormalizable. Recently, some new attempts were proposed to 
use Yang-Mills theory to reformulate quantum gravity[12, 13, 14, 15]. In these new 
approaches, the importance of gauge fields is emphasized. Some physicists also try 
to use gauge potential to represent gravitational held, some suggest that we should 
pay more attention on translation group. Recently, Wu proposed a new quantum 
gauge theory of gravity which is a renormalizable quantum gravity[16, 17]. Based 
on gauge principle, space-time translation group is selected to be the gravitational 
gauge group. After localization of gravitational gauge group, the gravitational held 
appears as the corresponding gauge potential. In this paper, we use the spirit in¬ 
spired by literature [16, 17] to discuss unification of fundamental interactions which 
is based on gravitational gauge theory. Our main goal in this paper is to discuss 
unification of gravitational interactions and electromagnetic interactions. 
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2 Lagrangian 

It is known that Quantum Electrodynamics(QED) is a 17(1) Able gauge field theory. 
A general group element of 17(1) Able gauge group is denoted as U(x), 

U(x) = e~ ia{x \ (2.1) 

A general element of gravitational gauge group is denoted as U e [16, 17] 

U e = E~ ietl - p r (2.2) 

Because 

(PM*)) ¥= 0, (2.3) 

U( 1) group element U(x) does not commute with gravitational gauge group element 

Ue, 

[U(x) , U e ] ^ 0. (2.4) 

It means that all elements g(x ) 

g(x) = Ue • U(x) (2.5) 

form a semi-direct product group of 1/(1) Able group and gravitational gauge group. 
We denote it as 

GU( 1) = 1/(1) <8> s Gravitational Gauge Group = {^(x)}. (2.6) 

This semi-direct product group is the symmetry group of the unified theory of grav¬ 
itational interactions and electromagnetic interactions. 

As an example, we discuss electromagnetic interactions and gravitational inter¬ 
actions between Dirac field and electromagnetic field or gravitational field. The 
traditional lagrangian density for electromagnetic interactions between electromag¬ 
netic field An and Dirac field i/j is given by 

-^f p r f <T A'jvApe - - ieA^) + m)^, (2.7) 

where A^ is the field strength of electromagnetic field, e is the coupling constant 
of electromagnetic interactions and m is the mass of Dirac field. After considering 
gravitational interactions, A^ is defined by 

A^ = (D^AJ - (A,/y. (2.8) 

In above relation, D M is the gravitational gauge covariant derivative, 

D li = d li -igC li (x), (2.9) 
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where g is the gravitational coupling constant and C' ;i (x) is the gravitational gauge 
held which is a vector in gauge group spaee[16, 17], 

C^x) = C«(x)P a . ( 2 . 10 ) 

The explicit expression for A ^ is 

A IW = d^A u - d u A tl - gC«d a A v + gC^daA^. (2.11) 

However, A^ v is not a U( 1) gauge invariant held strength. In order to define U( 1) 
gauge invariant held strength, we need a matrix G. Define, 

G = (G“) = (<S“ +gC2). (2.12) 

Its inverse matrix is denoted as G _1 , 

G-' = = (G-G). (2.13) 

They satisfy the following relations, 

G“G-'" = S;, (2.14) 

g^“g; = y. (2.i5) 

It can be proved that 

D,, = G“d a . (2.16) 

The held strength of gravitational gauge held is defined by 

F^ = ^-[D^ , D v \. (2.17) 

Its explicit expression is 

F^(x) = d^C v (x) - d v C^(x) - igC fl (x)C u (x ) + igC v (x)C^(x). (2.18) 

F /w is also a vector in gauge group space, 

F„(x) = F; u {x) • P m (2.19) 

where 

C = - 9 „c; - gcfac; + g c%c°. (2.20) 

The U( 1) gauge invariant held strength of electromagnetic held is given by the 
following relation, 

= A^y + gG a lx A\F®„, ( 2 - 21 ) 
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( 2 . 22 ) 


where A /t;y is defined by eq.(2.8). GU(1) gauge covariant derivative is 

= <9 M - ieA M - igC^. 


The gravitational gauge covariant and U( 1) gauge invariant lagrangian density 


Co is 


£ 0 = + m]W - -gTrTK„A pa - (2.23) 

where rf 1 ' is the Minkowski metric. The selection of g 2 a/3 is n °f unique[16, 17]. One 
selection is to set 

/ -1 0 0 0 \ 

0 10 0 

0 0 10 

\ 0 0 0 1 / 


V2 a/3 ~ 


(2.24) 


Another selection is to set 
where 


V2 a/3 9af3i 


(2.25) 


A 


9ap = V^G^UG-X 


(2.26) 

The first choice gives out minimum model, so we use the first choice in this paper. 

The full lagrangian density C is defined by 

C = J(C)£o, (2.27) 

where J(C) is a special factor to resume gravitational gauge symmetry of the system. 
The selection of J(C) is not unique. The simplest and most beautiful choice of J(C) 
is [16, 17], 

J(C) = eF°\ (2.28) 

where 

1(C) = grf X(x Cl. (2.29) 

The definition of r/]/ can be found in Ref. [16, 17]. Another possible definition of 
J(C) is 

J(C) = v^-det g a0 , (2.30) 

where g a g is given by eq.(2.26) In this paper, we will use definition eq.(2.28), for 
this is the simplest and most beautiful choice which has no poles in it. The action 
of the system is 

S = f d 4 xC. (2.31) 
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3 Gauge Symmetry 


Now, let’s study the symmetry of the system. First, let’s discuss U( 1) gauge sym¬ 
metry of the system. Under local U( 1) gauge transformations, the transformations 
of various holds are 


G 

c* 


A, 


D, 


A 


piS 


piS 


pa 

pis 


A 


pis 


f = 

(3,1) 

> Ci = G, 

(3.2) 

rs!a s~ia 

■ <-> ~ > 

(3.3) 

Afj, - -(Dfj,a(x)), 

(3.4) 

t = e~ ia Bp ia , 

(3.5) 

V + ^ F Hv( d M x )), 

(3.6) 

rpla _ pa 
pis pis') 

(3.7) 

A' — A 

^pis — t^pis- 

(3.8) 


From above transformation relations, we could see that gravitational gauge held 
keeps unchanged under {7(1) Abel gauge transformations, and A^ u is not a {7(1) 
gauge invariant held strength while A /iJy is a {7(1) gauge invariant. Under {7(1) 
gauge transformation, lagrangian density £q is invariant, 


£ 


A' = Co. 


(3.9) 


Because J(C ) is also {7(1) gauge invariant, the full lagrangian density C and action 
S of the system are also {7(1) gauge invariant, 

C —> £ = C, (3.10) 

S ^ S' = S. (3.11) 

Therefore, the system has local {7(1) gauge symmetry. 


Under gravitational gauge transformations, various helds and operators trans¬ 
form as 


-»■ $ = (^u/0, 

(3.12) 

c„ -* c" = uovr 1 - i-oia.f/,- 1 ), 

ig 

(3.13) 

G“ G" = A %U,G^U:\ 

(3.14) 

g;"‘ -* G'- 1 " = A 2u,cr*ij;\ 

(3.15) 
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9a0 -*■ g ' a 0 = A a ai A J >1 Ue 9 a 0 U e \ (3.16) 

A^A^ = U e A,Ur\ (3.17) 

% -> o; = Ue^U~\ (3.18) 

Afu, —» A'^ u = U e A lxv U e 1 , (3.19) 

F“ - F£ = A a p U e F^U:\ (3.20) 

A lu ,^A’ lu , = U e A lu ,Ur\ (3-21) 

J(C) -► J'(C") = J ■ U e J(C)U~\ (3.22) 


where J is the Jacobian of the corresponding transformation which is given by 


J 


det 


( d(x — e) M \ 
\ dx v ) 


(3.23) 


Using all these relations, we can prove that the lagrangian density Co is gravitational 
gauge covariant, 

4) - 4, = UXoUC 1 - (3.24) 

Then eq.(3.22), eq.(3.23) and eq.(2.27) give out 

C -> C = J ■ Uetij- 1 . (3.25) 

Using the following relation, 

J d i xJ{U e f(x)) = J d 4 xf(x), (3.26) 

we can prove that the action of the system is gravitational gauge invariant, 


S 5' = S. 


(3.27) 


Therefore, the system has local gravitational gauge symmetry. 


The action defined by eq.(2.31) has both local U( 1) gauge symmetry and local 
gravitational gauge symmetry. It means that it has local GU( 1) gauge symmetry. 
The GU( 1) gauge transformations of various fields and operators are 

-»■ f = (9(x)ip), (3.28) 

C„ - c; = U,C P U0 - -0,(8,(10), 

W 

G" G“ = A“„ g(x)GyHx), 
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(3.29) 

(3.30) 



(3.31) 


G~ lfl - = A/ g(x)G-^g-\x), 

A v.^ A '» = 9( x ) A v-\( D » a (x)) g~ l ( x ), (3.32) 

-»• = gix^nQ^ix), (3-33) 

A ^ ^ A’f.u = g(x) + ^F"„(d a a(x)) g~ l {x), (3.34) 

- F£ = A a p g(x)F^g-\x), (3.35) 

Kv -»■ Kv = g( x )F^g~ l ( x ), (3.36) 

J(C) - J'(c') = J ■ g(x)J{C)g-\x), (3.37) 


where g(x) is given by eq.(2.5). The action eq.(2.31) is invariant under these trans¬ 
formations. 




Cl = 

-(E“=l ^i(^la 1 C , w) n )^(7'*^* + m )^ 

-irrrTrhapiT^i Fi W«i^)”) 

-Me • e I ( c '*'ip'Y + ge I ^ c ' i ^ IJ ‘{d a ^i)C 


+ge HC) g pp g ua (d p A u - d u A p )C*(d a A a ) 
_| e KC) v ^ AfivG -ix AxF ^ 

-^ c \^G~^Gf^A K A x F- v F% 


(4.5) 


_£ e /(C)^-( C '«^(a Q A,)(a^ (7 ) - C?C£(0 a ^)(fy4r)) 

+ge nc) ri pp ri P,7 ri2 Q p(d ll C* - d u C“)C s p (d s CP) 
-W^rTrf'^iCldsC^ - Cid s C2)C e p (d e CP). 

From eq.(4.4), we can write out propagators of gravitational gauge field, electro¬ 
magnetic field and Dirac field. From the interaction lagrangian £/, we can see that 
Dirac held, electromagnetic held and gravitational gauge held couple each other. 
From eq.(4.5), we can write out Feynman Rules for various interaction vertices 
which is useful for calculation of Feynman diagrams. 


5 Equations of Motion and Conserved Currents 


The Euler-Lagrangian equation of motion of Dirac held is 

[if (dp - ieA p - gC“d a ) + m] ip = 0. 

The equation of motion of electromagnetic held is 
d p A pu = — ie'ip'Yv'ip + gr} Xp d,j,{C^A pv ) 

-grj Kp G p A pu d„(rf a C%) + ^y ip g Uia g uX G- lx F^ lul A pa . 
The equation of motion of gravitational gauge held is 

^(rTrh^K,) = -jT;„ 


(5.1) 


(5.2) 


(5.3) 
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where T° 0 is the gravitational energy-momentum tensor, whose explicit expression 

is 

T ga = i ) l v da'4> - r] pip g UCT (d a A Pl ) K pa - g pip g ua g 2ai0 F^(d a C^) + rf[ a C 0 

-V lxlp V ua V2ap{d f ,(C p l Fp) + g plp g va d p ( G~ iX G p Ll A\k pa ) 

+rTrTri2a P (DM ai C^))F p i - § r, p ' p r ] ^G-f'G- lx A x A pa F^ 1 

- gr] pip r] va G~l x A x K pa (d a C^l) + gr] pp r] va {D A x K p(y . 

(5.4) 


The global gravitational gauge symmetry gives out inertial energy-momentum 
tensor T p al 

Tl = e Ti F\^ v G p d a i\) + g Plp g ua G p 1 A pa (d a A u ) 

+if p v u ^ l201 F^ a (d Q C^)-g7f lp g ua r l2 ^C p 1 F^(d a C^) (5.5) 
+gg Plp g ua G 0 lx G p l A x A pa (d a C^) + 5 P C 0 }. 

Compare eq.(5.4) with eq.(5.5), we can easy find that gravitational energy-momentum 
tensor is not equivalent to the inertial energy-momentum tensor. But when gravi¬ 
tational gauge field vanishes, they are equivalent. In this case, they are 

T? a = T p a = irfdat + ^ P V ua A pa (d a A u ) + S P C 0 , (5.6) 

which is what we expected in traditional quantum field theory. 


If we denote 

$u = ~ ^r] xp d p (C^A pu ) + ^if p G p A pv d p (g x a C^) 


Then, eq.(5.2) can be changed into 

d p A pv = -e$ v . 


Because, 

is a conserved current, 


d u d p A lw = 0, 
ff'Su = 0 . 


(5.7) 


(5.8) 

(5.9) 
(5.10) 
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It means that is no longer a conserve current, 


d u (ijj'y v 'ip) 7 ^ 0. (5.11) 

Both gravitational held C Y “ and electromagnetic held A M contribute some to general¬ 
ized electromagnetic current. In other words, in the unified theory, electromagnetic 
held is also a source of itself, which originates from the non-Able nature of the semi- 
direct product group GU(1). But if gravitational held vanishes, the electromagnetic 
current will return to 

1*, = (5-12) 

which is just the traditional electromagnetic current. 


6 Summary 

In this paper, gravitational interactions and electromagnetic interactions are unified 
in a semi-direct product group. Because generator of U( 1) group and generators 
of gravitational gauge group have different dimension, that is, generator of 17(1) 
group are dimensionless while generators of gravitational gauge group have negative 
mass dimension, it is hard to unify 17( 1 ) gauge interactions and gravitational gauge 
interactions in a simple group. Because of the difference of dimensions of gener¬ 
ators, we need at least two independent parameters for coupling constant in any 
kind of unihed theory. When we unify 17(1) gauge interactions and gravitational 
gauge interactions in GU( 1) group, we only need two independent parameters for 
coupling constant, this unihed theory can be regarded as a kind of minimal theory of 
unification. It is impossible to unify gravitational interactions and electromagnetic 
interactions in a simple group in which only one independent coupling constant is 
used. 

Because 17(1) gauge group and gravitational gauge group are unihed in a semi- 
direct product group, not in a direct product group, held strength of gravitational 
gauge held joins into the definition of gauge covariant held strength of 17(1) gauge 
held. This will cause additional interactions between 17(1) gauge helds and gravita¬ 
tional gauge held and affect the dehnition of generalized electromagnetic current. 


References 

[1] H.Weyl, in Raum. Zeit. Materia, 3rd ed. (Springer-Verlag, Berlin, 1920) 


11 



[2] H.Weyl, Gravitation and Elektrizitat. Sitzungsber. Akademie der Wis- 
senschaften Berlin, 465-480(1918). Siehe auch die Gesammelten Abhandlungen. 
6 Vols. Ed. K.Chadrasekharan, Springer-Verlag. 

[3] V.Fock, Zeit. f. Physik, 39 (1927) 226. 

[4] H.Weyl, Zeit. f. Physik, 56 (1929) 330. 

[5] W.Pauli, Handbuch der physik, Geiger and scheel, 2, Aufl., Vol. 24, Teil 1 pp. 
83-272. 

[6] R.Utiyama, Phys.Rev.101 (1956) 1597. 

[7] A.Brodsky, D.Ivanenko and G. Sokolik, JETPH 41 (1961)1307; Acta 
Phys.Hung. 14 (1962) 21. 

[8] T.W.Kibble, J.Math.Phys. 2 (1961) 212. 

[9] D.Ivanenko and G.Sardanashvily, Phys.Rep. 94 (1983) 1. 

[10] F.W.Hehl, J.D.McCrea, E.W.Mielke and Y.Ne’eman Phys.Rep. 258 (1995) 1- 
171. 

[11] F.W.Hehl, P. Von Der Heyde, G.D.Kerlick, J.M.Nester Rev.Mod.Phys. 48 
(1976) 393-416. 

[12] F.Gronwald and F.W.Hehl, On the Gauge Aspects of Gravity, gr-qc/9602013. 

[13] F.Brandt, Phys.Rev. D64 (2001) 065025. 

[14] Rolando Gaitan D., A possible gauge formulation for gravity?, gr-qc/0109079. 

[15] M.Botta Cantcheef, General Relativity as a (constrained) Yanq-Mills’s theory, 
gr-qc/0010080. 

[16] Ning Wu, Gauge Theory of Gravity, talk given at Meeting of the Devi¬ 
sion of Particles and Fields of American Physical Society at the College of 
William & Mery(DPF2002), May 24-28, 2002, Williamsburg, Virgia, USA; hep- 
th/0109145. 

[17] Ning Wu, Commun.Theor.Phys., 38 (2002): 151-156. 


12 



